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Abstract 

We consider a recent approximate variational principle for weak KAM theory proposed by Evans. 
As in the case of classical integrability, for one dimensional mechanical Hamiltonian systems all the 
computations can be carried out explicitly. In this setting, we illustrate the geometric content of the 
theory and prove new lower bounds for the estimates related to its dynamic interpretation. These 
estimates also extend to the case of n degrees of freedom. 

Keywords: Weak KAM theory, Hamilton- Jacobi equation, approximate variational principles, per- 
turbation theory. 



1 Introduction 

The integrability of classical mechanical systems follows from the existence of regular global solutions to 
the Hamilton-Jacobi equation 

H(p+^,q) = H(p) (1) 

where both the generating function u(p, q) and the Hamiltonian H(p) are unknown. It is well known (by 
the Liouville-Arnol'd Theorem) that global solutions to this problem exist only for a very special class 
of mechanical systems, namely, those having a complete set of first integrals. Although most mechanical 
systems are not integrable in this sense, many are quasi-integrable, that is they have the form 

H(I,<p) = h(I)+ef(I,<p), (2) 

where (I, (p) £ W 1 x T n are action-angle variables. The new approach to Hamiltonian perturbation the- 
ories motivated by Poincare contributions culminated with the celebrated KAM theorem pQ, [12], [18j . 
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Since the early 1980's alternative approaches to the study of non-integrable Hamiltonians based on 
variational methods and PDE techniques |15[ [16| \T7\ , [H] , [8;, 9] have led to the formulation of the so-called 
weak KAM theory. Within the Tonelli setting, that is, assuming positive definite superlinear Lagrangians 
and Hamiltonians, the main results of this theory are the existence of invariant (action-minimizing) sets, 
generalizing KAM tori, and the existence of global weak solutions to the Hamilton- Jacobi equation ([1]). 
In particular, it has been proved in various contexts (homogenization [13], variational and viscosity |10j ) 
that if H(I, tp) is Tonelli, then for any / the Hamilton-Jacobi problem 

H(I + ^-,p) = H(I) (3) 

admits Lipschitz continuous solutions, with "effective" Hamiltonian 

— 3u 

H(I):= inf max H(I+—, if). (4) 

In the terminology of [8], these solutions are called weak KAM. Most of the dynamic interpretations 
of these weak solutions have been related to Aubry-Mather theory (see for example [2], [11] and the 
references therein). 

The starting point of the present paper is an innovative formulation of weak KAM theory given by 
Evans 0E]. The main outcome of this new variational construction, inspired by Aronsson's variational 
principle, is a sequence of smooth functions Uk{I,<p) which define, for any value of the parameters J, a 
dynamics and a density measure (Jk{I,p) on the torus T n . The convergence of this torus dynamics to 
a linear flow is expressed precisely through the asymptotic formula (2.22) in [6]. Moreover, an estimate 
of how the torus flow approximates the genuine Hamiltonian flow of H (I, ip) is expressed through the 
asymptotic formula (2.21) of [6j. We refer to Section [2] for complete details. The fundamental relations 
(2.21) and (2.22) of [6] are expressed in the form of upper bounds. 

The first goal of this paper is to offer a detailed geometric and dynamic representation, summarized 
in Figures [1] and [21 of several evolutions and flows arising from Evans framework. Moreover, we complete 
the fundamental estimates of Evans, (2.21) and (2.22), by also measuring the gap dk between the original 
Hamiltonian flow and a crucial approximate dynamics introduced by Evans. 

We remark that in the generic n dimensional case, there exists no explicit expression for the Uk(I, p), 
although numerical approximations may be obtained via a finite difference scheme [7J. There is one case 
in which the sequences have an explicit analytic representation and a simple mechanical interpretation, 
namely, the case of one degree of freedom. In particular, in this paper we show that for a mechanical 
system 

#(!,¥>):= J + /(*>), (5) 

with (J, p) G M + x S 1 , the functions Uk are precisely the solutions of the Hamilton-Jacobi equations for 
the modified Hamiltonians 2 

H k (I,<p) = L + f( <p ) + ±.] og i. (6) 

As a consequence of the special form of the term -r log I, for any / G IR + the solution Uk of the Hamilton- 
Jacobi equation is explicit up to quadratures of elementary functions and the special Lambert function. 
By taking advantage of this explicit analytic expression for the Uk, we can prove better convergence prop- 
erties than the more general ones given in [6], give new lower bounds in the inequalities (2.21), (2.22) of 
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[5] and also exhibit an explicit example of singular convergence of the measures u k . 
These new lower bounds constrain the cr^-convergence of the approximate dynamics to a linear flow to 
be, in general, no faster than 1/fc 2 . In Section [U we see that these one dimensional estimates also have 
further consequences in the integrable n dimensional case, with n — 1 ignorable variables. 

We also remark that the present one dimensional study may provide a basis for a perturbation ap- 
proach to single resonances in Hamiltonian systems, whose normal forms are represented by perturbations 
of the mechanical pendulum. 

The paper is organized as follows. In Section [2] we review the fundamentals of the Evans theory 
and we offer a geometric and dynamic representation of several evolutions and flows of this framework. 
Moreover, we measure the gap between the original Hamiltonian flow and a crucial approximate dy- 
namics introduced by Evans. Section [3] is devoted to explicit solutions and convergence results in the 
one dimensional case. In Section [U by exploiting our explicit knowledge of the sequences u k and a k 
in the one dimensional case, we first propose refined asymptotic estimates for the integrals involved in 
formulas (2.21), (2.22) of [B] -integrals (|18|) and (|19|) here- and then we discuss some consequences in the 
quadrature-integrable n dimensional case. Sections [5j [6] and [7] are devoted to the proofs. In Section [8] we 
review some properties of the special Lambert function. 



2 Dynamic picture of Evans theory 

In [6] Evans introduces a new variational version of weak KAM theory, whose outcome is a sequence of 
functions u k (I, (p) which define, for any value of the parameter / 6 M. n and any index k £ N, a dynamics 
and a density measure 0fc(J, (f) on the torus T n . The properties of this torus dynamics and its relations 
with the original Hamiltonian flow represent the dynamic interest of the theory. 

More precisely, instead of looking for minimizers u(I, ip) for the sup-norm of H(I + §^,<p) over T n , 

Evans looks for minimizers u k (I,<p) of the functional 

h[u ] := [ e kH « + ^dcp. (7) 

Under suitable hypothese£| on H, the minimizers u k turn out to be smooth and uniquely defined when 
one requires that fj n u k d<p = 0. After defining the density measure over T n 



where 



#*(/):= -log / eWtf+SMdp, (9) 
Evans (Theorems 2.1 and 3.1 in [5]) proves that 

lim f H(I + ^,tp)a k (I,<p)dip = H(I) = lim H k (I), (10) 

fc— S> + 00 Jfn Oif k— >+oo 



1 Precisely, H is periodic in the ip variables; H is convex in the I variables; there exists C > such that, for any I g 



and ip G T n : max | 



a- ii 



d 2 H 1 


8 2 H 




d<p' 2 


1 + W 
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where H is the usual effective Hamiltonian -see ©- of weak KAM theory. 

Since the functions ut are smooth, they may be used to generate canonical transformations (I, <p) \— > 
(I, (p) up to the inversion oQ 

I = £//(/, p), U T (I, <p) = I+ if) (11) 

and 

<p = u v {i,<p), Uy(i,<p) = ip + ^{i,<p). (12) 

For every fixed I £ M n , Evans introduces the dynamics on the torus T n by the differential equation 

whose flow will be here denoted by CrJip). This torus flow Cj(ip) preserves the measure defined by ak{I, tp), 
see [6]. Indeed, from the Euler-Lagrange equation related to the variation of ° ne obtains 

mvJa k {I,v)™(l + ^(i,<p) t <p))=0. (14) 



dl V dip 

Starting from C|(</?), and inspired by equations (2.16)-(2.18) of [6], we define the following two evolutions 

d>* : (I, if) -> (/V) := (W~ C}M),C}M) (15) 

and 

: (/» -> (J*,0*) := (/> v (/,CfM)), (16) 
which are obtained as the composition of the flow 

r*: (1,^)^(1,4^)) 

and the transformations ([lip , (|12p of actions and angles respectively (see Figure [1]) . We remark that 
the {P^pf) and (P,<p>) are not necessarily conjugate, since expressions (fTT]l . (fT2j) are not necessarily 
invertible. 

2.1 Relations between the torus dynamics and the Hamiltonian flows 

We stress that the very dynamic relevance of the /-collection of flows C~((p) lies in the relation between 
the orbits of (|15p . ()16p and those of the Hamiltonian flows 

& H : (I,<p) -+ *^ : -+ (4 fc ,^ fc ) := (/,0 + t^(/)) (17) 



2 Of course, the functions Ui, U v depend on the parameter k. But, since we will not define their limit for k tending to 
infinity, we prefer to use this simplified implicit notation. 
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actions lift 

(/,¥>) — 5* (/.Cjfo)) 

angles lift 



Figure 1: The dynamics (Tl5)) and (|16p represent different lifts of the torus flow dynamics. We note that in both 
cases the domain is the mixed variables set l n x T". 



(*) 



<t> 



ii 



UjX id 



id xUic 



<t> - 
H,. 



Figure 2: The dynamics are represented by solid arrows; the transformations of variables by dashed arrows; dotted 
lines link the evolutions (fT5)) . (fI5| and the Hamiltonian flows (TTT1) . 



of H and fffc (defined in ([9])) respectively. 

In [6] the relation between «3>* and the Hamiltonian flow ((•) in Figure [2]) is expressed through 
the asymptotic formula (2.22). Specifically, Evans proves that there exists a constant Cr > such that 



I\<R JT 



(18) 



Vt 6 R. Moreover he shows (formula (2.21) in [6j) that for some C R > 

E 2 (k) : 



T" 



(r k {I,v)d<p< 



k 



(19) 



Vt e R and |J| < i?. 

By the next proposition, we complete the dynamic picture by studying the relation (*) in Figure [21 
More precisely, using the estimate f|19|) of Evans, we measure the gap 



d k (t,I,<p) := \&(I,<p) - & H (Ui(l<p),<p)\ = ~ Ih,^ ~ Vh)\ 
between the curves (Ijj, <y?#) and (P, (p t ) in terms of a k - 



(20) 
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Proposition 2.1 Let Xh > be a Lipschitz constant for the Hamiltonian vector field of Xh- Then, we 
have 

(e A "< - 1)(1 + C R ) 



d k (t,I,(p)a k {I,f)d(f < 
V£ 6 R, fc£N and 1 1\ < i?. In particular, 



(21) 



lim / dk(t,I,tp)o- k (I,tp)d(p = 

fe— S> + 00 J'jpn 



Vt G R and III < fl. 



We remark that the presence of the exponential term e Xl{t in (|2ip is not surprising, since any small 
correction to a differential equation typically produces an exponential divergence of the solutions. In 
Section [7] we provide some further detail regarding this divergence, by considering an example with 
exponential divergence due to the presence of a hyperbolic equilibrium point of the Hamiltonian flow. 

The proof of the proposition is based on the next technical 

Lemma 2.2 For any t G R, k G N, J G R n and p G T n , we have 

dH 



x„t 





dP 




f 


dt 


t=s 



+ ^(*-(/.*0) 



d k (t,I,<p) <e* H 



Proof of Lemma. The time derivatives of I ,<p satisfy (see (fT5 



i- XHS ds. 



(22) 



~dt 



dip 1 dH ~ t t dH , Tt t 

— = w (u I (i,S)M) = w F,<S) 

so that the functions /*, <p l may be interpreted as the solutions of the following /-parametric differential 
equation 



d 2 U 



^ dtp 

- _ rn 
v 9 — dl 



with special initial conditions (I , tp) = (Ui(I,(p),tp), and solutions denoted by $*(/, <p), see (fT5|) . 
Let 

, r , r \ (d 2 u k .~ .dH . , dH . n 

x / (/, v ) = (-^(/ )f ,)- sr (/ lV ) > - sr (/,^ 



and 



Since 



dH dH 



d k (t,i,<p) = \(i t -i t H ,<p t -tp t H )\, 
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its time derivative 



is well defined only for dk(t,I,(p) > 0, for example, dk(0,I,(p) = 0. In order to overcome the lack of 
differentiability, for a constant e > we consider the function 



(t,I,<p) := \fd k {t,I,<p) 2 + e 2 , 



whose time derivative 



3 -§ = ^ (l l ~ I'm, - H?h) ■ - X H (P H , fa 



satisfies 



^^X^P^^-X^P^fa)] < IXfiP^-Xnil*!,^ < 
< \Xj{P,^) -X H {Prf)\ + \X H (P,^) - X H (P H ,fa)\ . 

As a consequence, we have (cZ& < x k ) 

^ < IX^I^ip^-XniP^^l+XHdk < IX^P,^) - XniP,^ + X H x k , 

where Xh > is a Lipschitz constant for Xh . By recalling now the classical a priori estimat^l, we obtain 

x k (t,I,<p) < f IX^I 8 ,^) - X H (I S ^ s )\e x ^- s Us + e^XkiQ), 
Jo 

with Xfc(0) = e, so that 

d k (t, I, ip) < e x » f ( j \X } (P, ip s ) ~ X H (I S , ip s )\ e~ x " s ds + 

As a consequence, by considering arbitrarily small e > 0, we conclude that 

d k (t,I,ip) <e XHt f \Xj(I s ,<p s ) - X H (P,ip s )\e- XHS ds. 
Jo 

Finally, since 



X I (P,^)-X H (P^ S ) = (^ 



t=s dip / V at 



/dP 



we 



have 



d k (t,I,ip) < e 



X H t 



f 


dP 




/o 


dt 


t= 



dip 



dM \ 



e~ XHS ds 



3 In brief, the a priori upper bound estimate lemma, see [TU]: if \f'(t)\ < M(t, \f{t)\) and g(t) solves g(t) 
M(t,g(t)) with ff (0) = /(0), then \f(t)\<g(t). 



for any t G R, k G N, I G R n and </> G T n . □ 
Proof of Proposition By considering the cr^-average of d k and the inequality (|22p . we obtain 



d k (t,i,<p)<r k (I,<p)dp < e XHt 
Since now for any x > and G N 





dP 


70 Vt™ 


dt 



+ ^(*'(J I<P )) 



(p)d(fds. 



x < max 



we conclude that 





dP 


/ 

fin 


dt 



a k (I,(p)d<p < [ (—f= + Vk 



dP 



dt 



(T k {I,<p)dtp 



where, in the last inequality, we have used the estimate (|19|) of Evans. Since the right hand side of the 
inequality does not depend on s, we immediately obtain (j2Tj) . □ 



3 Explicit solutions and convergences in the one dimensional case 

This section presents the explicit formula for the minimizers u k of the functional I k [u] defined in ([7]) for 
the Hamiltonian systems © with one degree of freedom. 

For simplicity we consider only the action interval / > 0: the case / < can be obtained by 
symmetry (see Remark (IV) below). In the sequel we make extensive use of the Lambert function W, 
defined implicitly by z = W(z)e w( - Z \ and also its asymptotic properties. (We refer the reader to the 
technical Section [8] and to [3] , [3] ) . 

Definition 3.1 For H(I, <p) = I 2 /2 + f(tp) G C 2 (R x S 1 ), let us define: 
(i) For I > 0, the sequence of functions c k (I) £l by inversion of 

2tt 



I= 2^ I Jk(c,cp)d<f, (23) 



where 



7Jfe(c, ¥>) := \/ — ; -■ (24) 



(ii) For I > 0, the function c(I) G M by inversion of 

1 



277 



1= / 7o(c,f)d(p, (25) 



o 



where 



7o(c,^):=< v . (26) 

(J otherwise 
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(Hi) For (I,<p) G (0, +00) x S 1 , the sequences of functions 

u k (I,<p) := I(tt - <p) - — / -fk(ck(I),x)dxdy + j k (c k (I) , x)dx (27) 

27T Jo Jo Jo 

and 



a k {I,<p) := — • (28) 



f /7r l^dx 

JO lk {c k {I),x) aX 



(iv) For (I,(p) G (0, +00) x S , the function 



u (I,ip) := I(n - (p) - — I / j (c(L),x)dxdy + j (c(I),x)dx (29) 

■/ ■/ 



2tt 

(u) For / > 0, t/ie sequence of functions 



1 



£T fc (I) := c fc (J) + - log ] dip. (30) 

k Jo j k (c k (I),cp) 

The convergence properties of the objects defined above are stated in the following 
Theorem 3.2 Let us consider H(L, ip) = I 2 /2 + f(ip) G C 2 (R x S 1 ). 
(i) For any / > 0, the functions u k (I,cp) defined in are smooth, have zero average and solve the 



Euler- Lagrange equation \1J$ for ifc[tl]. Moreover, any u k (I,(p) converges uniformly to Uo(L,p) on 

Hi 



(ii) The functions j k (c, ip) defined in \2J$ are smooth and uniformly converging to 7o(c, <p) defined in 
$26}) on (—00, c*] x S ; /or any fixed c* G R. 



(Hi) The functions c k (L) are pointwise converging to c(I). 

(iv) The functions o~ k (I,(p) and H k (L), defined in 128\) and 130\) respectively, satisfy 

f-2lT 

k— >+oo 



f 27r ~ dui. ~ ~ ~ 

lim / H(I+—±,y)o- k (I,<p)dy = H(I)= lim H k (I), (31) 

:->+oo Jq Dip k— >+oo 



where 



Remarks 



H(I):=r !) ifc ^ >max/ (32) 
I max / otherwise 



(I) As we will see in Section [57TT the functions "f k (c, ip) parametrize the level curves for the Hamiltonians 
([6|) of value c and are well defined for any ip G § . In other words, these level curves project 
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injectively on S 1 . Therefore, the action / in (|23|) is proportional to the area of the phase-space 
(0, +00) x S 1 under the graph of 7fc(cfc(i") , tp) . More precisely, we have 

1 f 27T 

1 = 2^ J 7k{c k {I),w)dtp (33) 

as well as 2 

i=^J o \o(c(I),<p)d<p. (34) 

Let us remark that I > corresponds to c(J) > min/. 
(II) The functions Uk{I,<f>) are smooth solutions of the Hamilton- Jacobi equation for Q, 

> (/+ ^ + /M+ l M / + ^ ) = c (35) 

with c = Cfc(I). The PDE (|35j) . at variance with the Hamilton- Jacobi equation for ([5]), admits 
smooth solutions defined over S 1 for all values c > 0. Once again, this follows because all level 
curves of ([35]) project injectively on S . 

Let us also remark that, while in the general n dimensional setting Evans ([5], Lemma 2.1) assumes 
the uniform convergence of the sequence Uk, passing if necessary to a subsequence, in the one 
dimensional case we can prove the stronger uniform convergence of u k to u$ on S 1 . 

(III) For / > such that c(J) > max/, the function tp i->- Itp + ua(I,tp) provides a regular solution 
to the Hamilton- Jacobi equation for the Hamiltonian H, see ©, on the energy level c(J). Notice 
that Itp + uo(I,tp) represents the generating function conjugating H to H = c(J). Otherwise, 
for c(J) < max / the picture differs from the classical integration of one dimensional Hamiltonian 
systems, because 7o(c(J),y>) has angular points for c(I) = f(tp) and the limit function uo(I,tp) is 
therefore only Lipschitz. 

(IV) The case I < is obtained via the choice 

u k (I,tp) ■— I(n - tp) + — / / j k (ck{\I\),x)dxdy - -y k {c k (\I\),x)dx. 

27T Jo Jo Jo 

As a consequence one also has H^I) = ^(|/|) and 0fc(/, tp) = a k {\I\,tp). 

We devote here some attention to the convergence properties of the density measures a k . In the generic 
n dimensional case, Evans |6] discusses the consequences of the convergence 

Ufc — o weakly as measures on T n 

possibly through a sub-sequence. 

A particularly interesting case corresponds to the convergence of the a k to singular measures on 
the torus T n . Unfortunately, the theory of [5] and [6] does not provide explicit examples. In the one 
dimensional case, if c(I) > max/, the limit of o k obviously defines a regular measure on S . The 
case c(I) < max/ is actually more tricky to manage. The following proposition gives an example of 
convergence to a singular measure: 
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Proposition 3.3 Let f((p) = — cosy? and I > be such that c(I) = f(ir) = 1. For any test function 
u G C°°([0,27r);R), one has 

lim / u(tp)ak(I,ip)dip = u(tt). 



4 Lower bounds and outcomes in the n dimensional case 

By exploiting our explicit knowledge of the sequences and in the one dimensional case, we first 
propose to give refined asymptotic estimates for the integrals (fT8|) and (fT9|) . The estimates are also 
relevant for the n dimensional case. We start with the following: 

Theorem 4.1 Let us consider H(I, tp) = I 2 /2 + f(<p) G C 2 (M x S 1 ), where f is a non constant function, 
(i) For any r > and R > satisfying c(R) > max / + r, there exist K > and cr > such that 

E x {k) > g (36) 

VA; > K. 

(ii) For any L > such that c{L) > max/, there exists cj > sitc/i that 

lim & 2 £ 2 (k) = c?. (37) 

fc— >+oo 



In particular, we have 

-c(R) — af (c) + a 5 (c)a i (c) 



cr := 47r / 2 dc 

and 



max jf+r 

2 



al(c) 



1( 



«l(c(/))Vo 7fj(c(I) )¥ >) a ±(c(I))Jo [2(c(J) - /M)] 5 / 2 

w/iere 



2tt 1 />2tt 



a <5( c ) := / ""257 = / 7^7 f / vyfa ^- 

Jo 7o (c,v) 7o [ 2 (c-/(^))] d 



Theorem 14.11 provides lower bounds which are also significant for the generic n dimensional case. Indeed, 
for the n degrees of freedom mechanical Hamiltonians 

n j2 

H{Ix, . . . , I n , tpi, . . . , ip n ) = ^ -f + f^ 1 ' ■ • • ' ( 38 ) 

let us consider Evans construction of the sequences u, l \H^ and , as well as the integrals E\ (k),E2(k). 
A relevant question is that regarding optimality of the upper bounds (|18p and (|19p proved in Evans paper. 
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Of course, in the trivial integrable case H(I) = I 2 /2, both E\(k) and E2(k) are zero. However, already 
in the quadrature-integrable case, for example 



we have 



<p n ) := f((fi), 



f 2 <Em<^ and |<^)<X 



(39) 



for any c(R) > max/ (see Theorem 4.1) and sufficiently large k. In fact all the sequences can be 
constructed by referring to the one dimensional case 



U^\h, . ..,/„,</?!,. . .,cp n ) := vQ\ii,Wl), Cfc (h, ■ ■ ■ Jn,<Pl, ■ ■ -,Vn) ■= V k (h,<Pl) 



and 



5 

2 ' 



Moreover, with regard to the mechanical Hamiltonian systems (|38|) . the integrals in (|18j) and (|19p can be 
written precisely in the following form (see Theorem 14. 1|) : 

2 



Em 



\I\<R JT n 







dl 12 



1 ( }+ du k 



(n)' 



Hi n \l) 



and 



^ 2 (fc) 







dip 



2 I dp 



(«), 



As a consequence, we immediately conclude that the estimates (|39p also apply to the quadrature- 
integrable n dimensional case. 



5 Proof of Theorem [3T21 
5.1 Explicit formulas for 

According to [6] , the function is a minimizer of the functional 1^ [u] defined in ([7]) , whose Euler-Lagrange 
equation is 

In the special one dimensional case, the previous equation becomes 
This can be integrated and one obtains 



(40) 
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for some c S R. For H(I, ip) = I 2 /2 + f(ip), we have 

e kH ^^(i+^±\=c. (41) 

From equation (|4ip one immediately recognizes that the constant c has the same sign as I + and /. It 
suffices to first write (|4ip as 1 + = ce ~d^~^) ^ an( ^ ^hen ^ Q average both sides over ip. Therefore, 

for / > 0, c > one also has / + > for any ip 6 S 1 , so that we can write equation (|4ip in the form 



c. 



Thus, on putting c k := ^Ip, one has 

+ (42) 

Bearing in mind the Lambert function W (see Section[S]), we see that the equation \l k + \ log(7fc) +/(</?) = 

and since the right hand side is positive, we can represent its solution -see formula ()79p - as 

fc 7 f = W(e 2{ck - f ^ ))k k), (43) 

that is, 

~ du k . Iw(e 2 ^-f^ k k) 



Cfe may be written in the form 

( ... -- 



Integrating (|44|) over [0, <p\ we find 



ff 

Uk(I,<p) = u k (I,0) - Iip+ >y k (c k ,x)dx. 

Jo 

If we now require that u k be periodic with respect to ip, we have 



1 



2tt 



I = I 7k(c k ,<p)d<p, 







while a function with zero average is obtained if one chooses 

p2tt pip 



1 f f V 

u k {I,0) = Itt - — J J -f k (c k ,x)dxdip. 



We have therefore proved that the function u k (I, <p) in ()27p has zero average and solves the Euler-Lagrange 

equation (JT3J) for Ik[u}. 

From definitions ([8]) and ([9]), and since 



7fc 

we immediately obtain (|28p and (|30p . The limit (|3ip follows directly from |6J (specifically from (2.5) in 
[6], see also Theorems 2.1 and 3.1 in [5]), while structure (|32p comes from the well known representation 
of the effective Hamiltonian for one dimensional systems. □ 
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5.2 Uniform convergence of 7^ to 70 

This section is devoted to proving the uniform convergence of 7fc(c, ip) to 70 (c, (p) on compact sets of 
E x S . Specifically, we prove that for any e > and c* 6 R, there exists K(e,c*) such that, for any 
k > K(e, c*), we have 

\lk(c,(f) - 7o(c,<p)\ < e 

V(c, if) £ (—00, c#] x S 1 . This result will be essential in the proof of the pointwise convergence of c& to c. 
We distinguish two different cases (i) and (ii). 

(i) Let us consider ip such that c > f(ip). We start with the following 

Lemma 5.1 Let c S 1. For any e > i/zere exists Kq(e) independent of c such that, for any 
k > Kq(e) and ip satisfying c > f((p), we have 



7k {c,<p)-y/2(c-f(<p)) + *p 



< £. 



2(c -/(¥>)) + ¥ 



(45) 



Proof. From (|80[) we know that for any e > there exists Kq(s) such that, for any z > Kq(e), we 
have 



'W(z) 
log z 



1 



< e. 



Moreover, since c > f{<p) one also has 



e 2(c-fM)k k > ^ 



As a consequence of the last two facts, for any e > and k > Kq(e), we have 



2(c- f{<p))k + \ogk 



< e 



\/ip such that c > f{<p). We write the above inequality as 



Vt /( e 2(c-/(y))fc fc ) 



2(c + ¥ 



2(c -/(¥»)) + ¥ 



from which the lemma immediately follows. 



□ 



The uniform convergence of 7fc(c, p>) to 7o(c, y?) on the set c > /(</?) is now a direct consequence of 
the lemma. If c < min / there is nothing to prove, since this set is empty. We can therefore assume 
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c* > c > min/. For any rj > 0, from Lemma 15 . 1 1 there exists Kq(t]) such that, for any k > Ko(rj), 
we have 



|7 fc (c, - 7o(c, <p)| < 771/ 2(c - /(</>)) 



log k 



+ 



2(c - f{ip)) + ^ - V / 2F7M) 



Choosing K\(rj) such that < 77 for any fc > Ki{rf), we immediately obtain 



|7fc(c> ¥>) ~ 7o(c, </?)! < ?7\/2(c-miri/) + 77 + \/?7 < W 2 ( c * - min/) +77 + 
VA; > maxjETo^jN -^ll 7 ?)}- Therefore, if for any e > we choose 77 := 77(5, c*) such that 

77(6, c* ) \Jl{c* - min /) + rj(e, c* ) + y/r}(e,c*) = e, 
we find that, for any A; > max{i£o(f7(£, e*)), Ki(r](e, c*))}, one has 

|7fc(c,</>) - 7o(c,^)| < e. 
(m) We now consider </? such that c < /(</?). In this case 70 (c, = and therefore 



\lh(c,cp) -7o(c, tp)\ 



k ' 



Since W is an increasing function of z € [0, +00) and e 2 ( c f(f^ k k < fc, we have 



P^(e 2 ( c -/(y)) fc fc) < _ / W(fc) 



From (1801) we obtain 



lim 



'W(k) 



1. 



fc^+oo y log k 

that is, for any 77 > there exists Kq(j]) such that, for every k > Kq(i]), 



l W{k) 
log k 



1 



< 77 



\/W{k) - \J\ogk < T/^logA;, 



from which we have 



W(k) < Vlog k + ^W{k) - Vlog A; 



Therefore, on choosing k > Ki(r]), it follows that 

\lk(c, 95) - 7o(c, v)l < \/t7(1 + v)- 



log . 

< W-Ml+7?). 



For any e > 0, we choose 77 := 77(e) such that s/fj(e)(l + 77(e)) = e. 
Thus, for any k > max{ K\ (77* (e)), i^o (fi( £ ))}i we have 

|7fc(c,(/?) - 7o(c,</?)| < £• 
The uniform convergence is therefore proved by choosing 

K(s,c*) := max{K (r](e,c^)),K 1 (r](e,c^)),K 1 (fi(e)),Ko('n(e))}. 



(46) 



(47) 
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5.3 Pointwise convergence of c k to c 

In this section we prove that, for any I > 0, we have 

lim c k {I) = c(J). 

k— >-+oo 

The proof is structured into points (i) — (iv). 

(i) We first establish that the sequence c k (I) is bounded from above. 

On the contrary, let us suppose the existence of a diverging sub-sequence c ki (I) : 



lim c ki (I) = +00. 

i— too 

From the monotonicity of W, for any ip E § , we have 



V V i 

so that, by integrating in tp £ [0, 2ir] and using (|2"5j) and (f2"4"|) . we obtain 



J > 



(48) 



Moreover, as a consequence of ([80]) . the divergence of c^il) implies the divergence of the sequence 



(e2 (c fc .(f)-max/) fci 

— 1 t — . Indeed one has 



lim a i = lim 

i— >+oo i— H 



W(e 2 K( / )- max /) fc ^,) / - logfc,; 

2(c fc .(i) - max/) + 



A:; 



+00. 



2(c fej (I) - max + log k { 
But this is in contradiction with inequality (|48p . 
(m) We proceed by proving that, for / > 0, there exists K^T) such that 

c fc (/) > c(//4) > min/ 

VA; > K 2 (7). 

Let us first prove that c k (I) > c(//4) for sufficiently large fc. Point (z) provides the existence 
of c*(7) for which sup^,Cfc(/) < c*(7). Therefore, from the uniform convergence of 7^ to 70 in 
(—00, c*(j)] xS 1 , we find that for any e > there exists K(e, c*(j)) such that, for any A; > if (e, c*(J)) 
and c < c* (I) , one has 

1 

2^ 



27T /-27T 

7k(c,p)dip - / 7o(c,<p)dtp 

JO 



< e. 



In particular, 
1 

2^ 



2tt _ />2tt 

j k (c k (I),<p)d<p ~ 7o(Cfc(f),V?)G^ 
JO 













2W0 



2tt 



< e. 
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From the above inequality we immediately obtain 



277 



(49) 



We proceed by considering the function 



1 



2tt 



1(c) = — -y (c,<p)d<p, 
which is strictly monotone for c > min/. Moreover, if we fix e = 1/2, the inequality (|49p gives 

\ < (50) 

Vfc > K(I/2,c*(I)). Inequality ([3D]) also implies that 

c fc (7) > c(//4) 

Vfc > K(i/2,c*(I)). In fact, if there exists fc > K(I/2, c*(I)) such that c fe (J) < c(J/4), from ([50]) 
and the monotonicity of 1(c), we have also 



5 < I(c k (I)) < l(c(^ 



J 

4' 



which is a contradiction. Moreover, since / > 0, one necessarily has c(//4) > min/. 
(ra) We prove that, for any c" > d > min/, we have 

m(d) 



7(c") - 1(d) 



> c — c 



2^/2(0" - min/)' 



(51) 



where m(d) is the measure of the set 

A + (d) := {ip G S 1 : d > f(<p)}. 
Indeed, since 1(c) is a strictly monotone, 



I(c") - 1(d) 



1 


/>2tt 


2^ 


Jo 


1 




2^ 


/ 

Ja+( 






|c" 


-d\ 




TT 






|c" 


-d\ 



(7o(c",y) -i Q {d,ip))dip > 



> 7^1 WW-H<p))-VW-f('p)))d<p 

1 



m(d) 



dip > 



2V2tt(c" -min/)' 



(52) 
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(iv) Finally, from point (ii) we know that for any rj > 0, there exists K(r],c*(I)) such that, for any 
k > K( V ,c*(I)), 



/>(/)) - I(c k (I)) 













2ir Jo 



2 77 



< rj. 



Moreover, since c(I) > min/ and for any k > K2(I) one also has Cfe(J) > c(J/4) > min/, we can 
apply inequality ([5T]) to c(J) and obtaining 



/(c(/))-/(c fc (/)) > c(/)-c fc (/) 



m(min{c(/),c fc (/)}) 



2\/27r(max{c(J), cjt(J)} — min/) 



and therefore 

c(I) - c fe (I) 
Therefore, setting 



< ^ ^ (max{c(J),c fc (/)}-min/) ^ ^ ^ max{c(/),c*} 



7] = E 



m(min{c(J),c fc (/)}) 
m(c(//4)) 



m(c(//4)) 



'2v^7rmax{c(J),c*(I)} 
for any e > 0, we have proved that there exists -/^(e, I) such that 



c(/) - c fc (I) 



< e. 



Mk > K 3 (e,I). 
5.4 Uniform convergence of u/. to «o 

In this section we prove that for any I > and e > there exists K(s, I) such that, for any k > K(e, I), 
we have 

G S 1 . 

The result follows from the estimates (I) and (II) to be established below. 

(I) We know from (i) of Section 5.3 that there exists c*(J) such that sup fc Cfc(J) < c*(7). We can 
therefore apply the convergence result of Section 5.2 to conclude that for any rj > there exists 
K(rj, c*(J)) such that, for any k > K (77, c*(J)), one has 



l7fc(c/cC0, - 7o(c*(-0, y)| < 



(53) 



V<p G S 1 . 
(II) For any c G 



lim max \-y (c , <p) - 70 (c, </?)) = 0. 
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In other words, for any 77 > there exists p(rj, c) such that for any d with |c' — c| < p{rj) and tp G S 1 , 

\lo(c',<p) -7o(c,¥»)| < V- (54) 

This is trivial if c < min / or c > max /. Let us therefore consider c G (min /, max /) and distinguish 
two cases. 

(i) Let (f be such that c — f(ip) < r/ 2 /32, so that 7o(c, p) < r//4. If \d — c\ < r/ 2 /32, then we have 
also d — f(ip) < r/ 2 /16 and 

\lo(c',tp) -j (c,ip)\ < 7o(c',v) + 7o (c,p) < V- 



(ii) Let if be such that c-f(ip) > r/ 2 /32, so that j (c, p) = y/2(c- f(ip)) > rj/4. If |c' - c| < r/ 2 /64, 
then we also have d — f(p) > r/ 2 /64 and 70 (d , p) = \/2(d — f(p)) > r//(4\/2). As a consequence 



\lo(c',p) -7o(c,¥>)| < 



2\d -c\ 



V2(c-/M) + V2(c'-/M) " i + l 
Therefore the uniform continuity is proved also for c G (min/, max/) with p{rf) = r] 2 /6A. 



Hence 

Wk(I, V 5 ) - u (I, p)\ 



I r^ir rip _ rip 

2vr J J ^ Ck ^ ,x " > ~ lo(c(I),x)]dxdip + J [y k (c k (I),x) - j {c(I),x)]da 
lk(ck{I),x) - 7o(c(/),x) 

< 4vr sup ( \j k (c k (I), x) - j (c k (I),x)\ + \j (c k (I),x) - j Q (c(I) , x)\) . 

x&S 1 v 



< 47T SUp 

X& 1 



From (I), for any k > K(e/8ir,c*(I)), we have 



4vr sup \i k (c k (I),x)-io(c k (I),x)\ < -. 

X& 1 Z 



Since c k (T) converges to c(I), for any k > K^(p{e / 8tt) , I) we have c k (I) — c{I) < p(e/87r), and therefore 
by (II) 

4tt sup |7o(c fc (I), x) - 7o(c(/), x)\ < -. 

For k > K(e,I) = mayi{K(e/8Tr,c^(I)),Ks(p(e/87r),I)}, we can therefore write 

\u k {I,p) - u (I,ip)\ < e 

\/p G S 1 , which establishes the statement on uniform convergence. □ 
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6 Proof of Theorem 14.11 



Before treating the one dimensional case, we show that for general mechanical Hamiltonian systems with 
n degrees of freedom, 



n t2 

(I, + /(¥>!,...,¥>„), 



8=1 



the integrals in (|18|) and (|19|) can be respectively written in the form 



Ei(k) 





d r 


I 1 

l\I\<R JT n 


dil 



H k (I) 



and 



E 2 (k) 





d r 


1 


dip . 



^(/+^) 2 + /m]|W 



(55) 

(56) 
(57) 



Indeed, from (fT2j) . and with the notation of Section [21 we have 

d 2 u k 



^ = ip f + 



dipdl 



Therefore, since for the Hamiltonian (|55p the torus flow is 

' = / + |*(/V; 



we have 



d 2 u k ..~ du k . d rl.~ du k . 9 
dipdl >{ dip 1 dl 12 { 



from which we immediately obtain 



\I\<R Jf n 



d^ dH, 



k , 7 



dt dl 



(I) 



a k d<pdl 



\I\<R JT n 



d 



dl 



dip 
du 



' Mi) 



lv=c}(v) 



a k dipdl. 



Since the torus flow preserves the measure defined by a k , see (|Mj) . we obtain (|56|) . 
To prove ([5?]) . on recalling (fTTj) : 



we now obtain 



dip' 



Moreover, for mechanical Hamiltonians ([55 

dH 

dip 

hence 



t _d 2 u k( ~ fN , t _ d 2 u k - u ,,,du k/ ~ 
dip 2 1 ' 



dH.^,.~ d 2 u k ,~ du 



( /V)(/>^(/V)) + ^) 



lv=c}(v) 



and, again using ([Mj) . formula ([57]) is proved. 
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6.1 The one dimensional case 

In the one dimensional case, for I > one has 7^ = 1 + ^^-. Thus on invoking the symmetry with respect 
to I, formulas (f56"j) and (|5T|) become respectively 

-rJo 



Ei(k) 



dp OH, 



k , t 



and 



E 2 {k) 



dt dl 
2n dP dH 



(I) 



a k d(pdl = 2 



R ,2. q n 2 



J 



an. 2 



a k dipdl 







2 - ^ nl 



dip L 2 



<r k dip. 



6.2 Proof of (|36D for ^(Jfe) 
From (1351) and (l30l) we obtain 



^i(fc) 



R /•27T 



JO 
i? z-2 







JO 



97 L 
9 



Cfc(7) - -log7 fc (c fc (7),^) -H k (I) 



1 



97 L fc 



log7fe(c fe (7),y) - - log 
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a k d<pdl 
dx 2 



that is 



R /•27T 



JO 



7fc(c fc)¥ j) Jo 7 |( Cfc>a; ) 



& JO j k (ck(I),x)' 

2tt ~(' k (c k ,x) dx 



a k d(pdl, 



7fc(cfc,^) Jo 



2t o!x 



7fe(cfe,a;) 



a k d(pdl, 



where we have denoted 



9 9 ~ 

7fc( c fc>v) == ^~7fc(cfc(7),¥>), 7fc( c fc^) : = ^7fe(cfe(7), x). 
9/ 9/ 

Now, by expanding the square, using (|28p and performing the integration over ip, we have 



Ei(k) 



k 2 



JO 7^(c fc ,a;) JO -y k (c k ,x) \J0 i^{c k ,x) 



-dl. 



From (|35j) it is also easy to see that 
whence 

7fc(cfe,x) 

Using ()6ip we have the representation 



dc 

= djk 
dc 



7fe(c fe ,x) 



7fc(cfc,x) 



c=c fe fc+7fc(Cfc,^) 



4- 



A_i 2 (k, c k (I))A_i Q (k, c fc (/)) - A\ (h, Cfc(I)) 
A\ (k,c k (I)) 



-dl, 



(58) 
(59) 



(60) 



(61) 



(62) 
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where the functions 

A a Ak,c) : = r . 7 ^ (c,y) - fr 

are defined for any cgR. 

Since i? > /(max / + r) > 0, we will proceed with the integral 

o /■« n A_i 2 (fc, CS; (I))A_i (fc,c ft (J)) -A 2 ^ (k,c k (I)) 
E x (k) = -r / 4 2 (7) - f s ^ dl, (63) 

2 ' u 

since obviously E\{k) > E\{k). From (|33p it is also easy to obtain 

, , ~. 2tt 2tt 
c'JI) = -= - = — (64) 

Since c' k (I) > for any / > 0, in particular for R > /(max / + r) > 0, we can change the integration 
variable in E\{k) from I to c = c/%(/) and then invoking (|64p we have 

47r /•<%(*) A i 2 (A;,c)A i (fc,c) - A*i (fc,c) 
E ^ k ) = TJ / " / w n dc- (65) 

k y Cfc (/(max/+r)) ^1 1 >0 ( fc > c ) ^ | ,1 ( fc > c ) 

In order to estimate the last integral by the Dominated Convergence Theorem, we organize the proof 
into points (i) - (viii). 



(i) Since 



lim Ck(R) = c(R), lim Cfc(/(max/ + r)) = c(/(max/ + r)) = max/ + r 



there exist /Q(r), K^{R) such that, for any k > K±(r), 

r 

Cfc(J(max/ + r)) > max/ + - (66) 

and for any k > K^{R), 

c k (R) < 2c(R). (67) 

(ii) For any e > 0, R > /(max/ + r), there exists Kq(e,R) such that, for any k > Kq(e,R) and 
cG [c k (I(max.f + r)),c k (R)], 

\lk(c,ip) - 7o(c,v?)| < e 



\/ip. This follows from (|67p and the uniform convergence of j k to 70 on the set c < 2c(R), as soon 
as K 6 (e,R) = max{K 5 (R), K{e, 2c(R))}. 
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(iii) For any k > maxjif^r), Ke(y/r/2, R)}, for any c G [cfc(/(max/ + r)),Cfc(i?)] and any (3 > 0, we 
have 



-4> i±2£ 



^ i/3 (fe,c)<27r(-) 2 . (69) 
Indeed, since k > K§(yfr/2,R), one has 



so that 



\l/k(c,<p) -l/o(c,<p)\ < 



7fc(c, <p) > 7o(c,¥») - 



V99. Since c > Cfe(J(max/ + r)), if > ^(r), we have also c > c/j(/(max/ + r)) > max/ + r/2, 
and therefore 

70 (c, = v^c -max/) > Vr, 

hence 

7fc(c,v) > ^ 



As a consequence, 

f Z7V 1 /4 
-4_i /3 (^,c)< / — -, yTTogdy < 2ttI - 



2tt , ,4 1+2/3 



(iv) For any fc > maxjif^r), K^(R), K§(y/r/2, R)} and c 6 [cfc(i"(max / + r)), Cfc(i?)], we have 

2^/^) + 



A_i i0 (fc,c) > : — ^ . (70) 



In fact, since /c > Kq(t/t/2,R), 



J? 

1h(c,ip) < j (c,cp) + — , 



and since k > K^(r) and k > K^(R), 

70 (c, ¥>) = V2(c-/M) < V / W). 

Therefore 

7fc (c >¥ ») <2^(i?) + ^. 
(v) For any A; > max{ K4 (r), K§{R), R)} and c G [q(/(max / + r)), Cfc(i?)], we have 

AiJk,c)> 7T ^ (71) 

1 + ( 2v ^R) + ^)2 

The proof is similar to points (iii) and (iv). 
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(vi) Prom (iii), (iv) and (v) it immediately follows that for any k > max{K4(r), K^(R), Kq(^/t /2, R)} 
the integrand in ([65]): 

A_i 2 (k, c)A_i Q (k, c) - A\ (k, c) 
A 2 ! (fc.c^i^fc.c) 
is dominated by a constant independent of k, c. 

(vii) To compute the pointwise limit of the integrand we consider the following: 

Lemma 6.1 Let c > max/, limfc_> +00 = c and f3 > a. Then 

lim A a ,8(k,c) = aa- a (c), (72) 

where 

r 2ir i p2tt i 



Proof. This is an application of the Dominated Convergence Theorem. Indeed 

l im feg) = I 

fc - H ~(4 + T2(c,¥>)) / ' 7o (/3 " a) (c,^) 

Moreover, the integrand in A at p(k, c): 

7f(c,^) < 1 



is dominated by a constant independent on k, (p for any fc > maxji^r), Ke(\^r/2, R)}, see (iii). 
The statement now follows immediately. 

(viii) Finally, in order to apply the Dominated Convergence Theorem to the integral in ()65j) . we first 
write it in the following form 

„ r (m A_i 2 (k,c)A^ ho (k,c)~A 2 , (fe,c) 

J Cfe (/(max/+r)) x (fc,c)Ai ^fc.c) "° 

A i ,(fc,c)A i n (fc,c)-A 2 x (fc,c) 

~ A* (fc.c)^! ffc.c) X[ Cfe (/( max / +r )), Cfe (ii)] l c J ac 

-2'° 5' 

and then we compute its pointwise limit (see Lemma l6.ip . 

A_i 2 (k, c)A_i tQ (k, c) - A\ A (k, c) 

feij+oc ~ ^2 (fc, C )Ai ^h(/(max/+r)), Cfc (H)] ( C ) 



a I (c) + as (c)ai (c) 



2 



^(c) 



"X[max/+r,c(i?)]( c )- 
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Consequently, denning the constant cr as 



r-c(R) —a\ (c) + as (c)a i (c) 
c R := 4tt / 2 -3-^ dc, 

2 

the estimate (j36|) follows. We observe that cr 7^ for any non constant function /. Indeed, by using the 
L 2 -H61der inequality we obtain 



as (c)a 



§(<=) 



2- 



1 



> 
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[2( C -/M)]5/4 
1 



2 f 2TT 

dip 







1 



[2(c-/(^))]V4 



dip 



-dip 



4(c), 



/0 [2( C -/M)]3/2 

hence cr > 0, where the equality holds only if f'(ip) = for any (p. 

6.3 Proof of ([3TD for E 2 (k) 
We know from (1591) that 



□ 



£2 (*0 



2tt 



2tt 



d_ 

dip 



^(c k (I),<p) + f(ip) 
d 



a k (I, ip)dip 



lk{ck{I),w)-Q^lk(c k {I),ip) + f{ip) 



a k (I,ip)dip. 



By using the explicit expression for r y k (c k (I),ip) 
function 



W ( e 2(c k (I)-f( v ))k k 



and the derivative of the Lambert 



W'(z) 



we first establish that 



Moreover, since 



we finally obtain 



£2 (*0 



2tt 



l + kj 2 k (c k (I),ip) 



Vk{c k (I),ip)dip. 



Vk(c k (I),ip) 



A_i (k,c k (I)) j k (c k (I),ip) 



E 2 (k) 
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l/'MI 2 



T dip. 



(73) 



k 2 A_ ho (k,c k (I))Jo 7fc (c )fc (l), V )(j+7g(c5 fc (f),v) 
In order to estimate limfc_ 5 . +00 k 2 E2(k) by the Dominated Convergence Theorem, we proceed as follows. 
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(i) Since sup fc Ck(I) < c*(7), for any e > there exists if (|, c*(/)) such that 

£ 

\jk(c k (I), if) - 7o(c fe (/), (p)\ < - 
V/c > if(|,c*(/)) and <p G S 1 . In particular 

7k (c* (/),¥>) > 7o(cfc(i), - - 

V/c > if(§,c*(/)) and G S 1 . 

(ii) Moreover, we know that for any 77 > there exists p(rj) > such that, for any d with |c' — c| < p(rj), 
we have 

|7o(c',v9) -7o(c,¥>)| < r? 
V^gS 1 . Therefore, since linifc^ +00 Cfe(I) = c(/), we have 

\c k (I) - c(I)\ < p( £ -) 

Vk > #3 (p( §),/). Hence 

1 70 (c fe (/),<£>) -7o(c(/),<^)| < - 
V/c > if3(p(|),i) and 99 G S 1 . As a consequence, 

7o(cfc(/),<p) > 7o(c(f),^) - I 



\/k > K 3 {pa),I) and 99 G S 1 . 



(iii) Finally, since c(I) > max / and lim^ +00 Cfc(i") = c(i"), for any I > there exists fc(i") such that 

c fc (/) > max/ 

Vfc > fc(J). 

By using (i) and (ii), we conclude that for any k > max{K (§, c*(/)), if3(p(§), /)} and 99 G S 1 , we have 

1 7fe(c fc (/),</?) - 7o(c(i),v| < |7fc(cfe(i),<^) - 7o(cfc(i),^l + |7o(cfc(-0, <p) ~ jo(c(I),(p\ <e. 
In particular, 

lim 7 fe (c fc (J) , if) = 70 (c(f) , <p) (74) 

fc— >+oo 

V<p G S 1 . Moreover, for any k > max{if (§, c*(J)), if 3 (p(§), J), fe(/)} and 99 G S 1 , 



7fc(c fe (I),<p) > 7o(c fe (/),^ ~\> 7o(c(/),v)-e> y'2H/> - max/) - c (75) 
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In the last inequalities, since k > k(I), the function 7q(c&(I), <p) = y2(c&(I) — /(</?)) > for any ip G S 1 



and therefore the constant y 2(c(J) — max/)— e (independent of (/? and k) is positive (choose, for example, 

_ V2(c(/)-max/h 
fc — 2 /■ 

Finally we apply the Dominated Convergence Theorem to compute lim/%_ 5> _|_ 00 k 2 E2(k), where E2(k) is 
given by the expression in (|73j) . 
From (|75p . we immediately obtain 

If Ml 2 < max^gsi |f (y)| 2 < max^i |/'(^)| 2 



7fe (c fc (I») (j p)))' **^)) ^2(c(/)-max/)- e X5 ' 
Moreover, from (j7S]) . 

I/'MI 2 l/'MI 2 



lim 



7fc(cfc(/),^)(i+7i( C fc(/)^)) -roWO.v) 

Therefore 



bo f ^ I#= /» W ^ (76) 



fc— >+0O 



We will conclude by proving that 



lim A_i (ft,c fc (J)) = ai(c(I)), (77) 

where 

/•27T r2ir -t 

AiJk,c k (I))= - — -dtp and ai(c(I))= 

A) 7fc(cfc(/),^) 2 io [2(c(J) - /(¥'))] 1 /2 

This limit is again a straightforward consequence of the Dominated Convergence Theorem. In fact (see 
([75]) and (HU)), 

1 1 

< 



7fc(cfc(I),¥>) yfyc(J) - max/) -e 
where the right hand member is independent of <p and fe, and 

lim = = = . 

k ^+°° 7fc (cfc (I) , <p) 70 (c( J) , v?) 

From (|76p and ()77f) we therefore obtain the result 

*-►+«> ai(c(I))Jo 7o 5 (c(/)^) ai(c(J))7o [2(c(J) - /Mp/2 * 
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7 Proof of Proposition 13.31 

We start by introducing some notation: Xk(t) and x(t) denote respectively the solutions of 

Xk = 1k(ck(I),x k ) and x = 70 (c(I), x), (78) 
with Xfc(O) = x(0) = 0. The function Xk{t) is periodic, with period 

2n 1 



Tk := / dx. 

/o 1k(pk(I),x) 



Lemma 7.1 If c(I) = max/, we have 

lim Tk = +00. 

k— >oo 

Proof. We first consider the trivial estimate 



2tt 



dx > = dx, 



lk{Ck{I),x) J 'f(x)<c k (I) 7fe(Cfc(/),x) 

and then we use Lemma 15.11 to estimate the right hand side integral. In fact, for any x such that 
f(x) < Ck(I), it follows from Lemma 15. II that there exist < a\ < 1 < 02 and -^1(01,02) such that 

ai 1 a 2 



7o(c fc (I),x) 7 fc (c fc (/),x) 7o(c fc (/),x) 



for any k > K\ (01,02), with 7o(cfc(/),a;) := \/2(ck(I) — f{x)) + -^f— . Therefore, for such k we also have 



Tk > a± / — dx. 

Jm<c k (i) ^ 2 ( Cfc (i)-/(x)) + ^ 

Moreover, from Theorem l3.2l point {in), for any e > there exists K2(I, e) such that for any k > K2(I, e) 
it holds Cfc(I) < c(I) + e. Therefore, for any k > max{Xi(ai, 02), K<i{I, e)} we have also 

/o ./2(c(I)+ £ -/(x)) + ^ /U "* U 



where X/( x )< Cfc (/)( 2; ) denotes the characteristic function of the set f{x) < Cfc(J). 

Since 2(c(I) + e — f{x)) + > e, the integrand is dominated by a constant on [0, 2ir]. Therefore, by 
the Dominated Convergence Theorem, we obtain 



2tt ^ i-2-k 



2?™ /„ 77=1 ^ m<c k (i) dx = L -j=—= dx = T(c(/) + £) 

k 



^+™Jo J 2 (c(I)+e-f(x)) + ^ W - /2(c(/) + e _ /(x)) 



where T(c(I) + e) is the period of 

x = 7o(c(7) +e,x). 
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Hence, for any e > 0, there exists K^{I,e) such that, for any k > K^(I,e) we have 



2- 



1 



1. 



o / 2 (c(I) + e-f(x)) + ^ 



*m< Ck {i) dx ^o T W> + £ )' 



and therefore, for any e > if k > max{ETi(ai, 02), K2(I, e), K${I, e)}, 



Since c(J) = max/, one has 



r fe >^r( c (/) + £ ). 



lim T(c(J) + e) = +00. 

£->0+ 



Therefore, for any rj > there exists e(r/) such that 

I T(c(J) + efa)) > 77, 

and also for any /c > m&x{Ki(ai, 02), Ki{I, e(r])), K^(j, e(rj))}, we have 

r jfc >^r( c (/) + £ (7 7 ))>r ? . 



Hence we have proved 



lim Tk = +00. 

fc— >+oo 



□ 



The rest of the proof will be formulated for /(<£>) = — cos(yj). 

Lemma 7.2 Lei /(y?) = — cos</3 and I E (0, +00) 5e suc/i i/iaf c(7) = max/ = 1. Then, for any t E R, 
we Zioue 

lim Xfc(t) = x(i). 

fe— >+oo 

Proof. Let us denote dfc(i) = \xk(t) — x(t)\. In order to overcome the lack of differentiability of dk, for a 
constant r > 0, we introduce efc(i) = sj (xk(t) — x{t)) 2 + r 2 , whose time derivative ek(t) satisfies 



&kit) < 7fe(c&(I), £fc) - To (c(/),x) 



< 



< 



7fc(cjfc(I),a; fc ) - 7o(cfe(J),a;fc) + 7 (c fc (f), x fc ) - 70 (c(/), x fc ) + 70 (c(I), x fc ) - 70 (c( J), x) 



In the sequel we denote Ck ■= Cfc(J), c := c(J) and we fix t > 0. By the uniform convergence of 7^ to 70, 
for any e > there exists K\ (e) such that for any k > K\ (e) , we have 

l7fc(cfc,x fc (r)) - 7o(cfc,x fe (r))| <e 

for any r E M, and specifically for any r E [0, i]. 

From Lemma 17. II and the convergence of to c, there also exist K2(t), pit) > such that for k > K^it) 
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one has: T k /2 > t, \x k (t) — ir\ > p(t) and also f(x k (T)) < c k for any t < t. Therefore, there exists 
\{t) < co such that 

sup sup— -—- = \(t). 

k r<t 7o(c,x fe (r)J 

As a consequence, we have 

, / , u / / », |2(c fc - c)| |2(c fc -c)| ^ oxm , | 

7o Cfe,x fc (r ) - 70 (c,x k (T))\ = — — — — < — — < 2A (t) \c k - c . 

7o(cfe,x fc (r)) + 7o(c,x fc (r)) 7o(c,Xfc(V)) 

By the convergence of c k to c, for for any e > there exists ^(e) such that, for any k > ^(e), 
|2(cfc — c)| < e, and therefore for any k > max{ K 2 (t), K^(s)} and any r G [0,t], 

|7o(cfe,x fe (r)) - 7o(c,x fc (r))| < A(t)e. 

Moreover, since 1 is a Lipschitz constant for /, we have 

I / , „ , , |2(/(x fc (T))-/(x(r)))| ^ jg(£fc(70-x(r))| 

7o(c, xfc(r) ) -70 (c,x(r)) < — ; r ~— ? < ? — < 2A (t)d k r . 

7o(c,x fc (r)) + 70 (c,x(r)) 7o(c,x fe (r)) 

Therefore, for any t <t, for any e > and any fc > max{^i(e), K2(t), Kz(e)}, one has 

ejfc(r) < (l + A(t))e + 2A(t)d fc (r). 

Since d k < e k , by the Gronwall Lemma, we have 

et(T)£ ™ £(e ^_ l)i 

and also 

*w<fi±^(^"-.). 

For any 77 > 0, let us consider 5(77) such that ^xjtf 6 (e 2X ^ 1 — lj = rj. Then, for any rj > and any 
k > max{Ki(e(rj)),K2(t),Ks(e(ri))}, one has 

d k (r) < e k (r) < 77, 

that is 

lim (4( r ) = 0. 

fe^oo 

Therefore, the function d k (t) converges pointwise to for any t G M, and the lemma is proved. □ 
Lemma 7.3 Let f(x) = — cosx, and I such that c(J) = 1. T/ien, /or any i G (0, 1/2), we have 

lim x fc (t T k ) = ir. 
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Proof. Since 



lim x(t) = tv 



for any e > there exists T(e) such for t > T(e) one has 

\x(t) — 7r| < e. 
Let us now consider £ = T(e). By Lemma 17.21 we have 

lim Xj~(t) = x(t). 

fc— 5> + 00 

For any e > there exists K\{e) such that, for any k > K\{e), we have 

\x k (T( £ ))-ir\ <2e. 

Let us now fix t G (0,1/2), and consider e) such that for any k > K2(t,e), tT^ > t (this is 

possible since by Lemma 17. II Tb is a divergent sequence). Since x^(r) is monotone, from the inequalities 
t < tTk < Tfc/2, we obtain 

^fc(i) < x k (tT k ) < x k (T k /2) = vr, 
and therefore, for any k > max{Ki(e), K2(t, e)}, 

|a;fc(i7fc) - vr | < 2e. 

The lemma is therefore proved. □ 
We can now prove the Proposition 13.31 We consider the integral 

u{x)a k {x)dx. 



and we change the integration variable from x to t by using x = x k (t), and then from t to t = t/T k , thus 
obtaining 

Ik I 

/ u(x)a k (x)dx = — / u(x k (t))dt= / u(x k (t T k ))dt. 
We observe that, for any t € (0, 1/2), 

lim tt(xfe(t T fe )) = u(7r). 

fe— >+oo 



Also, for any i G (-1/2,0), 
Therefore, the Lemma follows by the Dominated Convergence Theorem. □ 



lim Tfc)) = u(-ir) = u(tt). 

k— >oo 
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8 The Lambert function W 



The Lambert function W is denned as the multivalued function defined implicitly by the relation: 

z = W(z)e w(z) (79) 

for any complex number z. We only consider W for z 6 [0, +00), so that it becomes single valued. In 
particular, W(z) > for z £ [0, +00) and W is an increasing function. 

The asymptotic properties of W may be characterized by asymptotic developments. We refer to [3j 
and [3] for all details and proofs. From these developments, one immediately obtains 

lim - W \ Z \ = 1 (80) 
2^+00 log z — log log z 



and also 



lim ^4 = 1. (81) 

z^0+ Z - Z 2 



Formulas ([79]) . (|80j) and ([81]) are used extensively throughout this paper to define and prove the asymptotic 
properties of the key functions introduced in Definition 13.11 
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